In this paper, using the generalization of a Theorem of Ky Fan's, we will derive the results on coupled coincidence points and coupled fixed points in cone normed spaces.
Introduction
The definition of normed space was first given (independently) by Banach, Hahn and Wiener. The theory developed rapidly, as seen from the treatise by Banach published only ten years later. In [5] , Rzepecki introduced not only a generalized metric but also a generalized norm. As a generalization of normed spaces, cone normed spaces (in short CNSs) play a very important role in fixed point theory, computer science and some other research areas as well as in function analysis. The main properties of a CNSs seem to be first studied by Sonmez [7] , Karapinar [2] , and Abdeljawad [11] . In [3] , Karapinar and Turkoglu proved Theorem 2.10 for a CNSs using Ky Fan's theorem for topological vector spaces. As a consequence of Theorem 2.3, [6] , we have that every cone normed space (in short CNS) satisfies Ky Fan's theorem. Using Ky Fan's theorem we will derive some results on coupled coincidence points and coupled fixed points in CNSs.
Preliminaries
Let E to be a Hausdorff topological vector space with its zero vector θ. A proper nonempty and closed subset P of E is called a (convex) cone if αP + βP ⊆ P for α, β ≥ 0 and P ∩ (−P ) = {θ}. We shall always assume that the cone P has a nonempty interior int P (such cones are called solid). Each cone P induces a partial order on E by x y if and only if y − x ∈ P , and x ≺ y will stand for x y and x = y, while x y will stand for y − x ∈ int P . The cone P is called normal if there is a constant number K ≥ 1 such that for all x, y ∈ E 0 x y implies x K y .
The least positive number satisfying the above inequality is called the normal constant of P . Let X and Y be non-empty sets and we denote by 2 X a family of all non-empty subsets of X. A multivalued map or map
Definition 2.1.
[1] Let X and Y be two topological Hausdorff spaces and F : X → 2 Y be a map with nonempty values. Then, F is said to be:
(iii) continuous, if it is both u.s.c. and l.s.c. Now, we will give the definition of a CNS, which is a generalization of a norm space.
Definition 2.2.
[5]- [7] , [11] Let X be a real vector space and let (E, P ) be a real ordered Banach space. Suppose that the map · p : X → E satisfies the following.
(CN2) αx p = |α| x p for any scalar α and any x ∈ X; (CN3) x + y p x p + y p for all x, y ∈ X. Then · p is called a cone norm on X, and we call (X, · p ) a CNS.
If X is a CNS, then by A p = inf{ a p : a ∈ A} is defined a cone norm of non-empty set A ⊂ X (see Definition 3 in [8] ). A cone P is called minihedral cone if sup{x, y} exists for all x, y ∈ E and and strongly minihedral if every subset of E which is bounded from above has a supremum. Without the assumption of strong minihedralness for the cone, A p has no sense. We will always assume that cone P is solid and strongly minihederal.
Definition 2.3.
[3] Let X be a CNS, x ∈ X and {x n } n≥1 sequence in X. Then one has the following.
(a) {x n } converges to x whenever for every c ∈ E with 0 c there is a natural number N , such that x n − x p c for all n > N .
(b) {x n } is a Cauchy sequence whenever for every c ∈ E with 0 c there is a natural number N, such that x n − x m p c for all n, m > N .
(c) (X, · p ) is a complete cone normed space if every Cauchy sequence is convergent.
Complete cone-normed spaces will be called cone Banach spaces. Throughout this paper, let X be partially ordered set and let · p be a cone norme on X such that X is a complete CNS over the normal cone with the normal constant K. We will define · p :
Lemma 2.5.
[10] Let X be a CNS. Then f : X → X is continuous if and only if is sequentially continuous.
Note that Definition 2.4 and Lemma 2.5 hold when F is a multivalued map.
Definition 2.6.
[3] Let K be nonempty subset of a CNS X. A map H : K → 2 X is called a KKM map if, for every finite subset {x 1 , . . . , x n } of K,
where co denotes convex hull.
Definition 2.7. Let X be CNS and K and U the nonempty convex subsets of X. A map F : K → 2 X is said to be convex with respect to U if
One can simply prove the following lemma.
Lemma 2.8. Let K be a convex subset of a CNS X. If the map F : K → 2 X is convex with respect U , then
for all
Definition 2.9.
[3] Let (X, · p ) be CNS and K and U the nonempty convex subsets of X. A map f : K → X is said to be almost quasiconvex with respect
where
Theorem 2.10.
[6] Let X be a CNS, K be a nonempty subset of X and H : K → 2 X be a KKM map with closed values. If H(x) is compact for at least one x ∈ K, then x∈K H(x) = ∅.
Main Results
Theorem 3.1. Let X be a CNS over cone P , K a nonempty convex compact subset of X, F : K × K → X and G : K → 2 X are continuous maps. If there exists a convex map H : K → 2 X with respect to F (K × K) such that
then there exists (x 0 , y 0 ) ∈ K × K such that
From (2) we have that (z, t) ∈ S(z, t), hence S(z, t) is nonempty for all (z, t) ∈ K × K. The mappings F and G are continuous and we have that S(z, t) is closed for each (z, t) ∈ K × K (see Theorem 2.3, [6] ). Since K × K is compact set, then S(z, t) is compact for each (z, t) ∈ K × K. Let us show that S is KKM mapping. Supose that for any (z i , t i ) ∈ K × K, i ∈ {1, . . . , n}, there exists (z 0 , t 0 ) ∈ co{(z 1 , t 1 ), . . . , (z n , t n )} such that
Then we know that there exist
Regarding that H is a convex with respect to
In other hand, from (3) we have
This is a contradiction with (2). From Theorem 2.10 there exists (x 0 , y 0 ) ∈ K × K such that (x 0 , y 0 ) ∈ S(x, y) for all (x, y) ∈ K × K and this completes the proof.
As corollary of Theorem 3.1 we obtain the following result for a coupled coincidence points. Corollary 3.2. Let X be a CNS over cone P , K a nonempty convex compact subset of X, F : K × K → K and G : K → 2 K are continuous maps. If there exists a convex onto map H :
Corollary 3.3. Let X be a CNS over a cone P , K nonempty convex compact subset of X, F : K × K → X continuous map. Then F has a coupled fixed point, i.e. there exists (x 0 , y 0 ) ∈ K × K such that
Proof. Let G(x) = {x} and apply Theorem 3.1.
Theorem 3.4. Let X be a CNS over a cone P , K a nonempty convex compact subset of X, f : K → X and g : K → K continuous maps. If there exists an almost quasiconvex onto map h : K → K with respect to f (K) such that
then there exists x 0 ∈ K such that
From (4) we have that z ∈ S(z), hence S(z) is nonempty for all z ∈ K. The maps f and g are continuous and we have that S(z) is closed for each z ∈ K (see Theorem 2.3, [6] ). Since K is compact set, then S(z) is compact for each z ∈ K. Let us show that S is KKM map. Suppose that for any z i ∈ K, i ∈ {1, . . . , n}, there exists z 0 ∈ co{z 1 , . . . , z n } such that
Then we know that there exist λ i ≥ 0, i ∈ {1, . . . , n} such that z 0 = n i=1 λ i z i and n i=1 λ i = 1. Regarding that h is an almost convex with respect to f (K) yields
In other hand, from (5) we have g(z 0 ) − f (z 0 ) p h(z i ) − f (z 0 ) p for all i ∈ {1, . . . , n}.
Then
This is a contradiction with (4). From Theorem 2.10 (we will take H(x) = {h(x)}) there exists x 0 ∈ K such that x 0 ∈ S(x) for all x ∈ K and this completes the proof.
Corollary 3.5. Let X be a CNS over a cone P , K a nonempty convex compact subset of X, f : K → K and g : K → K continuous maps. If there exists an almost quasiconvex onto map h : K → K with respect to f (K) such that
then there exists x 0 ∈ K such that g(x 0 ) = f (x 0 ).
Note that Theorem 3.4 proved in [4] for a normed spaces (see [4] Theorem 3.3).
